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A Classof Artin-Schreier Towers
with Finite Genus
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Abstract. We study the asymptotic behaviour of the genus in some Artin-Schreier
towers of function fields over a finite field, and we present a new class of Artin-Schreier
towers having finite genus.
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1 Intr oduction

A tower F = (Fo, F1,...) of function fieldsover the finite fieldF, is aninfi-
nite sequence of function fields /Fq with Fo € F, € F, € ..., having the
following properties:

() The extensions1/F; are separablef degreqF, : F] > 1, andF is
algebraically closeth F, foralli > 0.

(i) For somej > 0, the genus oF; satisfiey(Fj) > 2.

It follows from the Hurwitz genus formula that(F) — oo fori — oo,
and the following limits do exist (we denote Dy(F) the number off,-rational
places ofa function fieldF /Fy):

o 9(R) o N(F)
yH =lm 5y PO =M
(1.1)
and A(F) = lim w
i—o0 g(F) "
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We call A(F) thelimit of the tower y (/F) is thegenus of the towelandv (F) is
the splitting rate of the towerBy the Drinfeld-VIadut bound [2] one has

0<A(F) < G-1. (1.2)

Thetower T is saidto beasymptotically goodf A(’F) > O, otherwise it is said
to beasymptotically bad

The interest in asymptotically good towers comes from various applications

of function fields with “many” rational places (with respect to the genus) in

Coding theory, Cryptography, etc. (see[10], [12]). This motivates the search for

asymptotically good towers. However, it turns out that it is a non-trivial problem

to provide examples of asymptotically good towers. The first examples are due
to Ihara [8], Tsfasman-Vladut-Zink [13] and Serre [11]. These examples come
from modular curves or from classfield theory, and the function fields in these

towers are not given by simple explicit equations.

Garcia, Stichtenoth and others have constructed some explicit asymptotically

good towers in aecursivemanner as follows: There is given a polynomial
f(X,Y) e Fq[ X, Y] such thaty = Fq(Xo) is therational function field oveF
andF 1 = Fi(xi;1), wherethe irreducible equation fof_ 1 over the fieldF; is
just theequation

f(X,X41) =0, forall i >0. (1.3)

In this situation we say that the towét = (Fg, F1, ...) is recursively defined
by the polynomialf (X, Y). If the polynomial f (X, Y) has the special form

FOXY) = 91(X) - oY) — Yo(X),

whereg(Y) € Fy[Y] is aseparabledditivepolynomial overfy,

m
oY) = ZanpJ with p = char(Fy), a; € Fy, @ - am # 0,

j=0
and yo(X), ¥1(X) € Fq[X], thetower F is calleda recursive Artin-Schreier
tower (AS tower for short). We say then thaf is definedrecursively by the
equation

P(Y) = Yo(X)/$1(X) =: ¥ (X) € Fq(X). (1.4)

If all roots of the polynomiap(Y) are inlFy, thenthe extensions,/F are

Artin-Schreier etensions of degrep™ = dege(Y). The class of recursive AS
towers is especially interesting since it contains examples of tofwerdose
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limit A(F) attains olis close to the Drinfeld-Vladut bound (1.2), see [4], [7]. It
is therefore a natural problem to study AS towers more closely.

Beelen, Garcia and Stichtenoth investigated recursive AS towers of prime
degreep = char(IFy); i.e., where the defining equation of the tower has the
form

YP+DbY =¥ (X) (1.5)

with 0 # b € Fq andy (X) € Fq(X). Theirmain result is as follows (see [1],
Thm. 4.1 and Thm. 4.6): If Eq. (1.5) defines an asymptotically good recursive
tower overlFy, thenthe rational functiony (X) is of one of the following three

types:
Typel: ¥ (X) = (X —0)P/y1(X) + a, with a, ¢ € Fq and aseparable
polynomialy1(X) € Fq[ X] of degree degy1(X) < p.
Typell: ¥ (X) = ¥o(X)/(X — a)P with a € F and aseparable poly-
nomialyo(X) € Fq[X] of degree degyo(X) < p.
Typelll:  ¥(X) = 1/ya1(X) + a, with a € Fy and aseparable poly-
nomialyr1(X) € Fy[X] of degree degy1(X) = p.

As it was observed in [1], all hitherto known examples of asymptotically good
recursive AS towers of degrgeare of Type |, and it is an open problem if there
exist good towers of Type Il or Type lll. The situation is somewhat similar as
for towers ofKummer typewhich are recursively defined by an equation of the
form

Y™ = h(X) € F4[X], with ged(m, ) = 1.

Lenstra [9] proved that asymptotically good towers of this type do not exist over
the prime fieldF .

Since thdimit L(F) of atower F satisfiesh(‘F) = v(F)/y (F) (see (1.1)),
the tower is asymptotically good if and only if its genwsF) is finite and its
splitting ratev(F) is strictly positive. Therefore a necessary first step towards
the construction of good AS towers is to find examples where the gefibisis
finite. Itis the aim of this note to provide a class of recursive AS towers of Type
Il with this property.

2 Artin-Schreier towers of Type Il with finite genus

In this section we consider a sequerEe= (Fo, F1, F2, .. .) of function fields
Fi /Fq which isrecursively defined by the equation

YP 4+ bY =1/(XP+cX) (2.1)
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with b, ¢ € Fq \ {0} andb # c. This means thaFq = Fq(Xo) is therational
function field, and foi > 0 we haveF; .1 = F; (Xj1) with

X" 1+ 0% = 1/(x" + cx). (2.2)

Firstwe have to prove that this sequence of function fields is indeed a tower, see
Prop. 2.2 below. We need

Lemma 2.1. LetK = [y be thealgebraic closure offy and considerthe
function fieldF = K(x, y), wherex, y satisfy Eq. (2.1)withb,c € Fq \ {0}
andb # c. Then the extensiors/K (x) and F/K (y) are Galois of degree,
and the following holds:

(i) Over K (x) exactly the zeroes of — « with «P + ca = 0 are ramified,
each with ramification indeyp and different exponer2(p — 1). All these
places are poles of.

(i) Over K (y) exactly the zeroes of — g with 8P + b3 = 0 are ramified,
each with ramification indey and different exponer2(p — 1). All these
places are poles of.

Proof. This follows immediately from the theory of Artin-Schreier extensions
of function fields, cf. [12], Ch.111.7.8. O

Proposition 2.2. The sequencg = (Fo, F1, F2, ...) of function fields over
[Fq whichis defined recursively bigqg. (2.1)is a tower.

Proof. First we have to show that the equatigf 4 bY = 1/(x” + cx) is
absolutely irreduciblever F, foralli > 0. So we con_sider the constant field
extensiond := F; - K over the algebraic closuré = IFq, andwe must show

that[F/,, : F'] = p. The caseé = 0 follows from Lemma 2.1. Now let > 1.

We choose elements, ai_1, ..., a1, ap € K such that
a +caj =0, of +baj #0 (2.3)
and
af +caj =1/}, +baji1), of +baj #0 (2.4
forall j <i. These choices are possible siticg c. There exists a plac® of
F/ which isa common zero of the functiods—o;, Xi_1 —ai_1, . .., Xo—ap, and
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Q is unramifiedn the extensiorF' /K (x;) by Lemma2.1(ii). Let P denote the
restriction ofQ to K (x;). By (2.3) and Lemma 2.1(i), the plad¢eis ramified in
K (X, X 11)/K (X)) with ramificationindex p, and it follows from Abhyankar’s

Lemma (see [12], 111.8.9) tha® is ramified inF/,_,/F/ with ramificationindex

p, so[F/,, : F/1= p. This proves that the polynomialP + bY = 1/(x" +cx)
is irreducibleoverF/, whichimplies that the field extensidf .1/ F; is of degree
[Fi+1: ] = pandthat the fieldF is algebraicallyclosed inF; ;.

By Lemmaz2.1(i), the degree of the different &% /Fy is deg Diff (F1/Fg) =
2p(p — 1), hencethe genus of; is g(F1) = (p — 1)°. Sowe haveg(F;) > 2
forall p # 2. Inthe caseg = 2 itis easy to see that(F,) > 2. O

For any tower’F = (Fo, Fy,...) overFgy, the ramification locusV (¥) is
defined as

V(F)={P| Pis a place offywhich ramifiesin F,/Fy for somen > 1}.
If the ramification locus is finite, we set

degV (F) = Z degP.
PeV(F)

Proposition 2.3. Let F = (Fo, Fy, F2,...) be the tower oveify whichis
recursively defined by

YP 4+ bY =1/(XP +cX), (2.1)

with the additional condition
be(b — c)?P2 = 1. (2.5)
Then theramification locusV () is finiteand has degredegV () < 1+ p.

Proof. Since the degree of the ramification locus is invariant under constant
field extensions, we can assume that the following #8et® are contained in
Fyq: .
A:={8eFq|8P+cb—c)P1s=0}
Q:={aeFq|aP+bae A}
Now let P € V(F). Thereis somen > 1 and a plac& of F, lying above P,

such thatQ is ramified in the extensioR,/F,_;. ThenQ is a pole ofx, by
Lemma 2.1j.e.,X,(Q) = oco. Fori =0,1,...,nwe set

ai = Xn-i(Q) € Fq U {oo},
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and wewant to prove the following claim:
aj € QU{oo}, fori=0,...,n. (2.6)
Sincexp(Q) = ap, thiswill imply that
PeV(F) = Xo(P)e QU{oo},

andtherefore dey (F) < 1+ || = 1+ p?, asdesired.

We show (2.6) by induction over (with n fixed). By definition we have
ag = Xn(Q) = oco. Suppose now thatj € Q U {occo}, for somei < n— 1. If
o = oo, it follows from Eg. (2.2) that” ; + caij+1 = 0. Setting

Sit1 = o1 +baiyr = (o) + caiy1) + (b— Ocipr = (b — O)atiya
we seédhat

8P +cb—0P 85 = (b—0)Pf, +caiy) =0,

hencey;,; € Q.

Now we assume that; € Q. If «j;1 = oo thenClaim (2.6) holds also for
i +1 and we are done. So it remains to consider the case whete2 and
aji1 # oo. From Eq. (2.2) we obtain

al g+ Caiy1 = 1/(af + bayy). (2.7)
By inductionhypothesis, the elemesit:= & + ba; # 0 satisfieghe equation
8P +cb—oP s =0, (2.8)

and wehave to prove tha ,; = aip+l + by, 1 also satisfiethis equation. From
Eq. (2.7) follows
§ir1=8"+ (- 0Caiy1,

hence

8P +cb—c)P 18,

=8+ (0—0)Pal, +clo— )P LS + (b — Oaitr)

=& P +cb—-0P 5 + (b — )Pl + caiyy)

=68 "+blb—cPist

=b(b—c)P15 PSP + 8 /b(b — c)P L)

=b(b—c)P 15 PP +cb — c)P 1) = 0.
Observehat in the last line we have used Eq. (2.5) and (2.8). O
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It is well known that in the case of tamely ramified towers finite ramification
locus implies finite genus, since the different exponent is bounded by the ram-
ification index (see [5]). This is in general not true for wildly ramified towers
(cf. [4], Example 4.1). However, in our case we can show that the different
exponents of ramified places in the extensibryd are smalenough to ensure
finite genus. The key point is the following proposition from [6]. A detailed
exposition of calculations of different exponents in the tower in Proposition 2.3
can also be found in [14].

Proposition 2.4. (See [6], Lemma 2.).etE; andE; be distincttyclic function
field extensions df of degreep, and letE be the composite field &; and E,.
ThenE/F is a Galois extension of degrgg?. Supposéhat P is a place of F
which is ramified both irE; and E, and suppos¢hat the different exponent in
both extensions i8p — 2. ThenP is either unramified irE/E; (i = 1, 2), orin
case of ramification the different exponentiiiE; is also2p — 2.

By Lemma 2.1 we can use Proposition 2.4 to calculate the different exponents
of all ramified places in the towerg which aredefined by Eq. (2.1). Using the
transitivity of different exponents we obtain: for & € V() and allplaces
Q of F, lying above P, the different exponent o®|P is d(Q|P) = 2(p! — 1)
if & Q|P) = p'. Thus,in any tower recursively defined by Eq. (2.1), the
different exponents of ramified places in the extensiBndy are boundedby
the ramification index multiplied by two (see also [6], Lemma 3).

Now we can prove our main result:

Theorem 2.5. Letq = p' (p is aprime number), and assume thatc € [y
satisfy theconditionbc(b — ¢)?P~? = 1. Thenthe equation

YP+bY=——
+ XP+4+cX

definegecursively a towerfF overFy with finitegenus

y(F) = lim g(Fo)/[Fn: Fol < p?

Proof. The Hurwitz genus formula yields

29(Fn) — 2 = [Fn : Fol(2g(Fo) — 2) + degDiff (Fn/Fo)
< 2[Fn : Fol(degV (F) — 1) < 2p?[Fy, : Fol. 0
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Remark 2.6. Onecan easily see that all results also hold if we replace the
prime numbermp by a powerp®.

References

[1] P. Beelen, A. Garcia and H. Stichtenot®n towers of function fields of Artin-
Schreier type. Bull. Braz. Math. S085 (2004), 151-164.

[2] V.G. Drinfeld and S.G. VladutThe number of points of an algebraic cur¥inc.
Anal. 17 (1983), 53-54.

[3] A.Garciaand H. Stichtenotl tower of Artin-Schreier extensions of function fields
attaining the Drinfeld-VIadut boundnventiones Math121(1995), 211-222.

[4] A. Garcia and H. StichtenotiDn the asymptotic behaviour of some towers of
function fields over finite fields. Number Theor61 (1996), 248-273.

[5] A. Garcia and H. Stichtenott®n tame towers over finite field3. Reine Angew.
Math. 557 (2003), 53-80.

[6] A.Garciaand H. Stichtenotlsome Artin-Schreier towers are eabjoscow Math.
J., to appear.

[7] G. van der Geer and M. van der Vlugtn asymptotically good tower of function
fields over the field with eight elemenBaill. London Math. Soc34 (2002), 291—
300.

[8] Y. lhara,Some remarks on the number of rational points of algebraic curves over
finite fields J. Fac. Sci. Univ. Toky@8(1981), 721-724.

[9] H.W. Lenstra,On a problem of Garcia, Stichtenoth, and Thomas. Finite Fields
Appl. 8 (2001), 166-170.

[10] H.Niederreiter and C.P.Xing, Rational Points on Curves over Finite Fields: Theory
and Applications. Cambridge University Press, Cambridge, 2001.

[11] J.-P. SerreSur le nombre des points rationels d’'une courbe algébrique sur un
corps fini. C. R. Acad. Sci. Par06(1983), 397-402.

[12] H. Stichtenoth, Algebraic Function Fields and Codes. Springer Universitext,
Berlin-Heidelberg, 1993.

[13] M.A. Tsfasman, S.G. Vladut and T. Zinkjodular curves, Shimura curves and
Goppa codes, better than the Varshamov-Gilbert bowdth. Nachrichteri09
(1982), 21-28.

[14] S. M. Yang,On explicit towers of function fields over finite fieldhD thesis,
National University of Singapore, 2004.

Bull Braz Math Soc, Vol. 36, N. 3, 2005



A CLASS OF ARTIN-SCHREIER TOWERS WITH FINITE GENUS

San Ling

Division of Mathematical Sciences

School of Physical and Mathematical Sciences
Nanyang Technological University

Singapore 637616

SINGAPORE

E-mail: lingsan@ntu.edu.sg

Henning Stichtenoth

Fachbereich Mathematik

Universitat Duisburg-Essen, Campus Essen,
45117 Essen

GERMANY

E-mail: stichtenoth@uni-essen.de
and

Sabanci University, MDBF
Orhanli, Tuzla 34956, Istanbul
TURKEY

e-mail: henning@sabanciuniv.edu

Siman Yang

Department of Mathematics
East China Normal University
Shanghai, 200062. P.R.
CHINA

E-mail: smyang@math.ecnu.edu.cn

Bull Braz Math Soc, Vol. 36, N. 3, 2005

401



